The effect of the correlations in the diluteness pattern in the systems with non-integral dimensionality, on ν = 4 5 superdiffusion process is considered in this paper. These spatial correlations have proved to be very effective in the critical phenomena. To simulate the particles motion in this process, we employ the loop erased random walk (LERW). The spatial correlations between imperfections (site-diluteness) also have been modeled by the Ising model on a square lattice. It models the forbidden regions into which the particles are not allowed to enter. The correlations are controlled by an artificial temperature T . The trace of the walkers is shown to be self-similar, whose fingerprint is the power-law behaviors. The detailed analysis of the random walker's traces reveal that the (Ising-type) correlations affect their geometrical properties. At the critical artificial temperature Tc we observe that the exponent of end-to-end distance ν becomes 0.807 ± 0.002. The fractal dimension of the walker's trace is the other geometrical quantity which scales inversely with the square root of the correlation length of the Ising model, i.e. D f (T ) − D f (Tc) ∼ ζ −α in which α = 0.43 ± 0.05. The winding angle test also reveals that the traces are compatible with the Schramm-Loewner evolution theory, and the diffusivity parameter for T = Tc is κ = 1.89 ± 0.05.
I. INTRODUCTION
The problem of superdiffusion and subdiffusion processes, and the corresponding correlated random walks, has received attention within the literature to describe many physical scenarios, mostly for crowded systems [1, 2] . Superdiffusion process in the protein diffusion within cells and also the diffusion in the porous media are important examples. This problem involves large number of phenomenon, ranging from heartbeat intervals to DNA sequences [3] . Recently, anomalous diffusion was found in several systems including single particle movements in cytoplasm [4] , worm-like micellar solutions [5] , telomeres in the nucleus of cells [6] , ultra-cold atoms [7] . When the environmental disorder is present, this problem falls into the more general class, i.e. the critical phenomena on the imperfect and also fractal hosts [8] [9] [10] . This problem is realized simply by arresting the diffusing particles to enter some forbidden islands, which cause their diffusion properties change. For example by modeling the imperfections of the host media by the uncorrelated percolation theory, it is shown that the diffusion becomes anomalous [2, 11, 12] , and the fractal dimension (D f ) of the trace of particles considerably changes [13] [14] [15] [16] [17] . When the occupation probability of the host media p is larger than the percolation threshold (p c ), two different scales are present: for small scales (compared with the correlation length of the percolation system) the exponents are anomalous, whereas for the large scales, the walkers behave in the same manner as the regular system [18] . The problem is completely different for critical case (p = p c ) * jafarcheraghalizadeh@gmail.com for which for all scales the anomalous exponents are obtained [15] . The anomalous diffusion problems can mostly be realized by some correlated random walks. Loop-erased random walk (LERW) is a correlated self-avoiding random trace which has deep relations with important statistical models. It is defined as the traces which are produced by random walkers who erase all of loops of the trace. It is well-known that in two-dimensional regular lattice, the fractal dimension of these traces is 5 4 , corresponding to ν = 4 5 diffusion process [19] (ν being the end-to-end exponent, which is defined in the following sections). For simulating the ν = 4/5 diffusion process, one can consider LERW traces and test its properties, which is the purpose of the present paper. This model has relations to the uniform spanning trees [20] , the BTW sandpiles [21, 22] and the q-state Potts model [19] . The properties of the model have been well-studied on the regular lattices, e.g. its upper-critical dimension is d u = 4, and also in two dimensions, it is related to the Schramm-loewner evolution (SLE) with the diffusivity parameter κ = 2, which corresponds to c = −2 conformal field theory. The ghost action of this universality class has elegantly been extracted by Bauer et al. [23] , who have also considered the problem in (mass-less ghosts) and out (massive ghosts) of criticality. Despite of this huge literature, a little attention has been paid to the response of the diffusing particles to the configuration of allowed areas of the host system. In [15] , the authors revealed that loop erased random walkers create non-intersecting traces with D f ≈ 1.22 on the critical uncorrelated percolation lattice. In this problem the configuration of dilute sites is uncorrelated. One may investigate the same problem in the correlated percolation, to investigate the diffusion properties of the natural systems. In nature, the environmental disorder FIG. 1: A schematic set up of the LERW on site-diluted lattice. The random walker reaches the central site, having n = 2 possibilities to move in the next step (the front site in not active (s(i, j + 1) = −1), and also the random walker cannot return to (i, j − 1) since it forms a loop that should be removed). Therefore, the random walker chooses to move right or left with the equal probabilities p = 1/2.
is commonly correlated, which is related to the process of the formation of host media [39] . In this case, it is ideal to have a parameter that tunes the correlation and also the fraction of active sites. This is the aim of the present paper. We bring the correlations into the calculations by means of the Ising model with an artificial temperature T , which tunes the correlations between (quenched) environmental imperfections in the host media in which the loop-erased random walkers take their steps. We show that these correlations crucially change the properties of the model with respect to the uncorrelated percolation system. The paper has been organized as follows: In the following section, we motivate this study and introduce and describe the model. The numerical methods and the results are presented in the section III which contains critical, as well as off-critical results. We end the paper by a conclusion.
II. THE CONSTRUCTION OF THE PROBLEM
Consider a diffusion process in which the mean squared displacement (MSD) R 2 scales with time. In a typical diffusion process MSD scales linearly with time in any dimension. Anomalous diffusion is however a diffusion process with a non-linear relationship to time, i.e. R 2 = Dt 2ν , where D is the diffusion coefficient, ν = 0.5 for ordinary diffusion process. If ν > 0.5 (ν < 0.5) the system is in the superdiffusion (subdiffusion) phase. Diffusion processes can be realized by random walks, and the above mentioned non-linearity in time arises from the correlations in the random walks. Two important examples are self-avoiding walks (SAW), and loop erased random walks (LERW). The LERW is an important prototype of superdiffusion process which is analyzed in this paper. For this model ν = 0.8 [24] . LERW is defined as the trace of a random walker with removed loops. To be more precise, let { r i } N i=1 be a normal two-dimensional path of a random walker (which may include some loops). A loop with length l is defined as the sub-path { r i0+i } l i=0
with r i0 = r i0+l . The removing of this loop is equivalent to considering the path r 1 , r 2 , ..., r i0 , r i0+l+1 , ..., r N . By repetition of this procedure, we obtain a loop-less path, which is a LERW. It is well-known that this model belongs to c = −2 conformal field theory [25] , and also κ = 2 schramm-Loewner evolution (SLE κ=2 ) in the continuum limit [26] . An important question may arise concerning the effect of the geometry of the metric space on this superdiffusion process. In the geometries of non-integral dimensionality, the properties of critical phenomena change considerably [8, 9] , and its properties depend on the fractal dimension, the order of ramification and the connectivity of the host system [10] . The LERW in the uncorrelated percolation lattice has been studied in [15] , in which it was shown that for the critical host cluster p = p c , the fractal dimension is equal to D f ≈ 1.22. To bring the correlations in the diluteness pattern of the host media, one may use a binary model with tunable correlations. The Ising model is a good candidate for this purpose, since it deals with artificial spins (σ), and the correlations are tuned by an artificial temperature (T ). The spins play the role of the field of activity-inactivity (diluteness pattern) of the media in the present paper. We consider the majority spin sites, as the active sites through which the random walkers can pass. To this end, we identify the spanning cluster (the set of connected active sites which connects two apposite boundaries), and let the random walkers to have dynamics only over the active area, i.e. the walks is only possible on the active (s = +1) sites in the spanning cluster. The sites of the cluster of active area have coordination numbers that is z j ≡ i∈δi δ si,1 in which δ i is the set of neighbors of ith site and δ is the Kronecker delta function. This has schematically shown in Fig 1, for which the coordination number of the central site is three. It is notable that the activity configuration of the media is quenched, i.e. when an Ising configuration is obtained, SAW samples are generated in the resulting dilute lattice. If we show the Ising spins by s, then s = +1 (s = −1) are attributed to the active (inactive) sites, and the temperature is the control parameter which tunes the correlations of the host system. The Ising Hamiltonian is
in which J is the coupling constant, h is the magnetic field, s i and s j are the spins at the sites i and j respectively, and i, j shows that the sites i and j are nearest neighbors. J > 0 corresponds to positively correlated host system, whereas J < 0 is for negatively correlated one. The artificial temperature T , in addition to being the control parameter of the correlations, controls also the population of the active sites to the total number of sites. This population can also be directly controlled by h which determines the preferred direction of the spins in the Ising model. For h = 0 (which is the case for the present paper) the model is well-known to exhibit a nonzero magnetization per site M = s i at temperatures below the critical temperature T c . For the 2D regular Ising model at h = 0 these two transitions occur simultaneously [27] , although it is not the case for all versions of the Ising model, e.g. for the site-diluted Ising model [28] .
We define the Ising model on the L × L square lattice. Then by solving the Eq. 1 for h = 0 an Ising sample at a temperature T ≤ T c is made, and some random walkers start the motion from the boundaries on the largest spanning cluster of the sample as the host media. Some samples of this process have been shown in Fig. 2 . The emphasis of two first figures is on the Ising-correlated site-diluted lattice at two artificial temperatures T = 1.9 and T = 2.269. LERWs are evident in these figures.
In the two last figures we show the diffusion of particles for two other Ising samples with the mentioned temperatures. The forbidden islands are evident in these figures. The process of random walks is terminated, when they reach one of the boundaries.
A. Numerical details
We have used the Wolff Monte Carlo method to simulate the system in the vicinity of the critical point to avoid the problem of critical slowing down. Our ensemble averaging contains both random walks averaging as well as Ising-configuration averaging. For the latter case we have generated 2 × 10 3 Ising uncorrelated samples for each temperature on the lattice size L = 2048. To make the Ising samples uncorrelated, between each successive sampling, we have implied L 2 /3 random spin flips and let the sample to equilibrate by 500L
2 Monte Carlo steps. The main lattice has been chosen to be square, for which the Ising critical temperature is T c ≈ 2.269. Only the samples with temperatures T ≤ T c have been generated, since the spanning clusters (active space) are present only for this case. As stated in the previous section the random walkers move only on the active space. The temperatures considered in this paper are T = T c − δt 1 × i (i = 1, 2, ..., 5 and δt 1 = 0.01) to obtain the statistics in the close vicinity of the critical temperature T c 2.269 and T = T c −δt 2 ×i (i = 1, 2, ..., 10 and δt 2 = 0.05) for the more distant temperatures. To equilibrate the Ising sample and obtain the desired samples we have started from the high temperatures (T > T c ). For each temperature 2 × 10 6 LERWs were generated for 2 × 10 3 Ising samples. We have used the Hoshen-Kopelman [29] algorithm for identifying the clusters in the lattice.
III. MEASURES AND RESULTS
The winding-angle statistics is a very powerful method to extract the key parameters of a two-dimensional critical system, i.e. the diffusivity parameter of the SchrammLoewner evolution (SLE). The SLE theory aims to describe the interfaces of two-dimensional (2D) critical models via growth processes, and analyzes classifies them to the one-parameter classes represented by κ. Thanks to this theory, a deep connection between the local properties and the global (geometrical) features of the 2D critical models has been discovered. These non-intersecting interfaces are assumed to have two essential properties, conformal invariance and the domain Markov property [30] . For more information on the SLE theory see [30, 31] . The relation between the fractal dimension of the curves D f ≡ . There are many tests for SLE, most importantly the left passage probability [32, 33] , the direct SLE mapping [34, 35] and the winding angle statistics [36] . The winding angle θ is the total winding angle of the movement at the end point and a global direction, and is calculated by
means ensemble averaging, and R is end-to-end distance. Noting that R scales with the trace length (or equivalently the time) l in the form R ∼ l ν (which defines the ν exponent), one finds that Var [θ] = κν log l. For LERW in T = 0 (the regular lattice), this slope is 1.6. Also the fractal dimension of a curve (in the box-counting scheme) is defined by the relation l(L) ∼ L D f , in which L is the linear size of a box which contains a curve of length l. Now let us consider the critical lattice, i.e. T = T c . In this case the exponents exhibit deviation with respect to the regular lattice. In the Fig. 3 the exponents ν, D f , and κ have been calculated. Figure 3a reveals 
is valid at the critical lattice. We note that the ν exponent 0.9% changes from its value for regular lattice, i.e. ν LERW = 0.8. The statistics of θ has been presented in Fig. 3b . We see that the distribution of θ (p(θ)) remains Gaussian at T = T c , and its variance grows with N (the number of walkers steps). The variance of θ grows linearly with ln N and θ ≈ 0. In this figure γ = κν is the slope of the linear graph. This guarantees that the trace of walkers is conformal invariant, i.e. they are SLE traces. The results have been gathered in TABLE I. A. The general behavior in terms of T
We have seen that for the critical lattice (T = T c ), the exponents are displaced with respect to the regular lattice. In this case the effective dimension of the system isd = 187 96 1.948 [37] . An equally worthy problem is the diffusion process in the super-critical systems, i.e. T < T c in which thed(T c ) <d(T ) < 2 (the effective dimension of the host media) varies. In this case, the trace of particles in the diffusion process should be denser (due to more available active regions) resulting to larger fractal dimensions and equivalently lower νs. This variation is not surely predetermined. Importantly, one may expect some power-law behaviors, due to the criticality of the system in this regime. These power-law behaviors in the geometrical observables arises from the scaling laws of the correlation length ζ(T ) of the Ising model as the host of the system. This characteristic length tends to infinity at T = T c in the thermodynamic limit. In Fig. 4 we have shown the results for this case. The most important results are sketched in Figs. 4a and 4b . It is realized from these figures that and
Tc , and α = 0.43 ± 0.05, and β = 0.49 ± 0.03. We note that the correlation length of the Ising model scales as ζ ∼ t −1 . Approximating α and β by their the closest fractional value (
. This result has been found in many statistical models on the Ising-correlated lattices, like Gaussian free field [38] , selfavoiding walk [14] , and sandpile models [39] . The winding angle statistics also yield some information concerning the diffusivity parameter κ. In Figs. 4c and 4d we have shown the same functions as the Fig. 3b . It is seen that the variance of θ (∼ η) for N = 1000 increases with decreasing T . This means that the traces tend to twist more in lower temperatures. This is compatible with the obtained fractal dimensions, i.e. more fractal dimensions are equivalent to denser traces which apparently should twist more than the dilute system. γ increases also with decreasing T which has been shown in the inset of Fig. 4d . Extending the relation γ = κν = 8ν(D f − 1) to off-critical temperatures, we expect that this exponent does not show the power-law behaviors.
DISCUSSION AND CONCLUSION
In the present paper we have considered the effects of the correlations in the dilute pattern in the system, on the properties of the superdiffusion process with ν = 4 5 . Loop-erased random walk has been employed to simulate the particle's motion in this process. We also have modeled the forbidden regions into which the particles are not allowed to enter by the Ising model with an artificial temperature T , that tunes the host system correlations. The spins of the Ising model play the role of occupation field in the real system. We have observed that the results change considerably with respect to the un-correlated host system. Importantly at the critical temperature T = T c , the exponent of the end-to-end distance becomes ν = 0.807 ± 0.002. This shows that the resulting particle traces become more dilute in this case. The winding angle test also shows that the variance of the angle θ behaves linearly with ln R, which yields the diffusivity parameter of the SLE theory κ = 1.89 ± 0.05. The other predictions of the conformal invariance are also satisfied, i.e. the fractal dimension has the relation with ν and κ as
In the off-critical regime T < T c , in addition to the ordinary power-law behaviors of the statistical observables (which gives rise to some critical exponents), some power-law behaviors are also seen for the exponents in terms of t ≡ 
